



THE COALGEBRA AUTOMORPHISM GROUP OF HOPE 
ALGEBRA kq[x,x-'^,y\ 

HUI-XIANG CHEN 



Abstract. Let kq[x,x~^ ,y] be the localization of the quantum plane kq{x,y\ 
over a field k, where q £ k. Then kq[x, ,y] is a graded Hopf algebra, 
which can be regarded as the non-negative part of the quantum enveloping 
algebra Uq{sl2)- Under the assumption that q is not a root of unity, we in- 
vestigate the coalgebra automorphism group of kq[x, x~^ , y]. We describe the 
structures of the graded coalgebra automorphism group and the coalgebra au- 
tomorphism group of kq[x, x~^ ,y], respectively. 



Introduction 

The automorphism group of a mathematical object is, in roughly speaking, the 
symmetry of the object. To determine the automorphism group of a mathematical 
object is always fundamental in classification problem. There are many papers 
concerning the automorphism groups of algebras. Usually, it is very difficult to 
determine the automorphism group of an algebra. A well studied example is the 
automorphism group of an incidence algebra, see [51 ^ [531 [H] • Andruskiewitsch 
and Dumas studied the algebra automorphisms and Hopf algebra automorphisms 
of U^{g), the positive part of the quantum enveloping algebra of a simple complex 
finite dimensional Lie algebras g of type A2 and B2 in [2]. Li and Yu studied 
the algebra isomorphisms and automorphisms of the quantum enveloping algebras 
Uq{5l2) in [13. For more works on the algebra automorphisms and Hopf algebra 
automorphisms of U^{q) and Uq{Q), the reader is directed to [Tl l8l [M l \T5 \ [TB I [27 ] . 
On the other hand, quantum polynomial algebras are useful tools to study quantum 
groups, see [H [6l [TOl [19] . Kirkman, Procesi and Small studied the automorphism 
group of the quantum polynomial algebra kq[x,x~^,y,y~^] in [13]. Artamonov 
studied the algebra automorphisms of the quantum polynomial algebra kq[x, x~^,y] 
in [3]. However, for the automorphism groups of coalgebras, the known examples 
are few in literature. Ye studied the automorphism groups of path coalgebras in 
The present work aims to investigate the coalgebra automorphism group of the 



Hopf algebra kq[x, x ^, y], which can be regard as the non- negative part Uqlsh) 



of the quantum enveloping algebra Uq{sl2)- 

In this paper, we investigate the coalgebra automorphism group of the Hopf alge- 
bra kq[x,x~^ ,y] over a field fc, where 7^ q G fc and q is not a root of unity. In 
Section 1, we recall some basic definitions and notations, and make some prepara- 
tions for the rest of the paper. In Section 2, we first introduce the Hopf algebra 
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H := kq[x,x^^ ,y], which is a graded pointed Hopf algebra. Then we investigate 
the coalgebra automorphisms of H, and give some properties of the coalgebra au- 
tomorphisms of H. Let Autc{H) be the coalgebra automorphism group of H, and 
Auto(H) the subgroup oi Autc{H) consisting of all the coalgebra automorphisms 
satisfying 0(1) = 1. For a G Autc{H), it is shown that (j) G AutQ{H) if and only 
if the restriction of (j) on the coradical Hq of H is the identity. Then we construct a 
subgroup O of Autc{H) and show that Q is isomorphic to the additive group Z of 
all integers. We also show that Auto{H) is a normal subgroup of Autc{H), and that 
Autc{H) is the internal semidirect product of Auto{H) and 9. Let Autf{H) be the 
graded coalgebra automorphism group of H and Aut^{H) — Aut^'^{H)r\Auto{H). 
Then Aut^'^{H) is the internal semidirect product of Aut^J {H) and 9. We show 
that Aut^ {H) is isomorphic to (fc^)^, the direct product group of Z-copies of the 
multiplicative group fc^ of all nonzero scales in the ground field k. Finally, we show 
that Autf{H) is isomorphic to a semidirect product group (k^)^ x Z. In Section 
3, we investigate the structure of the coalgebra automorphism group Autc{H). We 
first construct a family of normal subgroups of Autc{H): 

Auto{H) D Aut^H) D Auti{H) D Aut2{H) 2 ■■■ ■ 

It is shown that Autc{H) (resp. AutQ{H)) is the internal semidirect product of 

AuU{H) and Autf(iJ) (resp. Aut^'^iH)), and that AuU{H)/Auti{H) ^ Auts-i{H)/Auts{H) ^ 

fc^, the direct product group of Z-copies of the additive group fc, for all s 2. Then 

we show that the family of quotient groups {Aut^{H) / Auti{H)}i^i forms an inverse 

system of groups with the index set / of all positive integers, and that Autr{H) 

is isomorphic to the inverse limit \^m{Aut,, (H) /Autj (H)). Let Goo — {k^Y be the 

Cartesian product set of /-copies of k'^. Using a recursive method, we define a group 

structure on Goo, and show that Autt{H) = Goo- Finally, we show that Autc{H) 

(resp. Auto{H)) is isomorphic to a semidirect product group Goo x ((A;^)^ x Z) 

(resp. Goo » {k'^ f ). 



1. Preliminaries 

Throughout, let k be an arbitrary field. Unless otherwise stated, all algebras, 
coalgebras and Hopf algebras are defined over fc; linear and ® stand for fc-linear 
and respectively. Let Z denote the set of all integers, and N denote the set 
of all non- negative integers. Let k^ denote the multiplicative group of all nonzero 
elements in the field k. For the theory of Hopf algebras and quantum groups, we 
refer to [HI [HI [2Ql [25] . 

Let G be a coalgebra, and G(G) the set of all group-like elements in G. For g,h & 
G{C), an element c S G is called a {g, /i)-primitive element if A(c) = g + h® c. 
Let Pg^h{C) denote the set of all (g, /i)-primitives in G. Then Pg.h{C) is a subspace 
ofG. ' 

A vector space with a designated direct sum decomposition V = ®,^o ^(") of sub- 
spaces is a graded vector space. Suppose that U — ^ i^) ^^'^ ^ ~ ®nLo ^(") 
are graded vector spaces. Then a linear map /:[/—>■ ^ is a graded map if 
f{U{n)) C U(n) for ah n ^ 0. 
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An algebra v4 is a graded algebra if yl = ^(") is a graded vector space such 

that 1 G ^(0) and A{n)A{m) C A{n + m) for all n,m ^ 0. A coalgebra C is a 
graded coalgebra if C = 0,^o C{n) is a graded vector space such that e{C{n)) = 
for all n > and A(C(n)) C ^^^^ C{i) ® C{n - i) for all n^O. 

A bialgebra iJ is a graded bialgebra if iJ = H{n) is a graded vector space, 

which gives H a graded algebra structure and a graded coalgebra structure. A Hopf 
algebra H is a. graded Hopf algebra li H = ^("') ^ graded bialgebra such 

that the antipode 5 is a graded map. 

Let C = ^(") ^^'^ ^ ~ 0nLo -^l"-) be two graded coalgebras. A coalgebra 

map (or isomorphism) / : C — D is called a graded coalgebra map (or isomorphism) 
if / is a graded map. 

Let 7^ g G fc. For any integer n > 0, set {n)q = 1 + q + ■ ■ ■ + Observe that 

{n)q = n when q — 1, and 

when q ^ I. Define the g-factorial of n by {Q)lq = 1 and {n)lq = {n)q{n~ l)q ■ ■ ■ {l)q 
for n > 0. Note that (n)!g = n! when q = I, and 

((7"-l)(<7"-i-l)---(g-l) 



{q - 1)» 



when rt > and q ^ 1. The g- binomial coefficients is defined inductively 

as follows for ^ i ^ n: 

for 71 > 0, 




for < i < n. 

It is well-known that | | is a polynomial in q with integer coefl[icients and with 



value at g = 1 equal to the usual binomial coefficients ( . | , and that 





q 



{i)\q{n-i)\q 



when {n ~ l)\q ^ and < i < n (see [TH p. 74]). 

Let (resp. {k^ Y') be the Cartesian product set of Z-copies of k (resp. fc^ ). Then 
(/c^)^ C k^. For any a = (Q;„)„gz, /3 = (/3„)„6Z € A:^, define a + /3 = (a„ +/3„)„ez 
and q;;3 = (Q;„/3„)„gz, i.e., (a + /3)„ = a„ + /3„ and (a/3)„ = q;„/3„ for all 7i G Z. 
Then k"^ is an additive group as the direct product of Z-copies of the additive 
group k, and {k^Y' is a multiplicative group as the direct product of Z-copies of 
the multiplicative group k^ . 
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For a — {an)nez & k'^ (or (fc^)^), a £ fc (or fc^) and r e Z, define aa — {{aa)n)n£Z 
and a[r] = (a[r]„)„gz by (aa)„ = aun and a[r]„ = a„+r for all n e Z, respectively. 



2. The Graded Coalgebra Automorphisms of Hopf algebra kq[x,x ^,y] 

Let ^ q ^ k. kq[x, x^^ ,y] is an algebra over k generated by x, x~^ and y subject 
to the relations 

xx~^ = 1, x~^x = 1, yx = qxy. 

Then kg[x, x^^ ,y] is a Hopf algebra with the coalgebra structure and antipode S 
given by 

A{x)=x(Six, A{x~^) = x~^ IE) x~^ , A(y) = y ® X + 1 ® J/, 

e(x) = l, £(a;-i) = l, £(y) - 0, 

5(x) = x~^, S{x^^) = X, S{y) = —yx^^ = —q^^x^^y. 

For the details, the reader is directed to [?]■ In [H], the Hopf algebra kq[x, x^^ ,y] 
is denoted by Hq. When q is a primitive n-th root of unity for some n ^ 2, the 
ideal / of kq[x, x~^, y] generated by — 1 and is a Hopf ideal. In this case, the 
quotient Hopf algebra kq[x,x~^, y]/I is exactly the Taft Hopf algebra, see [21 ] 126 ) . 
If 7^ 1, the kq~2[x,x~^ ,y] is isomorphic to C/g(sZ2)^°, the non-negative part of 
the quantum enveloping algebra Uq[5l2) as a Hopf algebras, see [11] and [29] . 

Throughout the following, assume that q is not a root of unity, and denote Hq = 
by H for simplicity. In this case, (n)!g ^ for all n ^ 1, and so 

( ^ I =^ for all s$ i s$ n. 
V ' K 

The following lemma is known, see [71 [TH [21] . 

Lemma 2.1. T/ie following statements hold for H . 

(1) G Z, r7i e N} is a k-hasis of H . 

ml j^i \ 

(2) A(x"2;'") = E a;"y' x"+*y™-\ n G Z, ?7i G N. 

' Jq 

(3) H is a pointed Hopf algebra with Hq — kG{H) and G{H) — G Z}, an 
infinite cyclic group. 

(4) H = H[n) is a graded Hopf algebra, where Hin) = Ht^y"" for all n ^ 0. 

Lemma 2.2. Let (j) : H ^ H be a coalgebra automorphism. Then there is an 
integer r such that for any n G Z, 

/or some G fc^ and /3„ G fc. 



Proof. Since is a coalgebra automorphism of and G{H) = {a;"|n G Z}, the 
restriction of (/) on G{H) gives rise to a bijection from G{H) onto itself. Hence there 
is a permutation 9 oiZ, such that (/)(x") = a;^*^"-' for all n G Z. 

Now let n G Z be an arbitrary fixed integer. Assume that (j){x"'y) — ^ ^J■s,mx''y^ 

sGZ.mGN 

where ^s,m G ^ and almost all fis,m — 0. Then A(j){x"'y) = (</) (j))A{x"'y) since 
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is a coalgebra map. By Lemma [O] we have 

seZ.mSN i=0 y * y ^ 

and 

((/)(g) 0)A(a;"y) = (0 » ® a;"y + (g) a;"+i) 



It follows that 



E f^s,m E . ^'y' ^ xS+^yra-^ 

sGZ,meN seZ,meN 

When m > 1, one may choose an integer i with < i < m. Then for any s G Z, 
by comparing the coefficients of the item x'^'if' (g) x^+'y™^* of the both sides of the 

Cjn \ I Tn \ 

1 =0, and so /is,m — since ( • 1 ^ 

0. Thus, <j>{x"-y) — EsGZ Em=o ^s.™^*?^™' ^^'-^ above equation becomes the 
following one 

E fJ-sfix" ® x* + E Ms, 1(2;* ® a;''y + a;*y ® 

sGZ ' sez 

sez 

+ E ifJ-sfix" (g + Afs,ia;^y a;''("+i)). (2.1) 

sGZ 

When s 7^ by comparing the coefficients of the item a;^*^"-' (g) a;*y of the both 

sides of Eq.(2.1), one gets that /is^i = 0. When s ^ 9{n + 1) — 1, by comparing 
the coefficients of the item x'^y ® 3;^*^*+^' of the both sides of Eq.(2.1), one gets 
that Hs.i = 0. Thus, if 6'(n + 1) - 1 7^ 0{n), then Hs,i = for aU s e Z. In this 
case, (j){x"'y) G kG{H) = Hq, but x^y ^ Hq. This contradicts to the hypothesis 
that is a coalgebra automorphism of H. It follows that 9{n + 1) — 1 = d{n), i.e., 
d{n + 1) = 6{n) + 1. When s ^ 9{n) and s ^ 9{n + 1) = 9{n) + 1, by comparing the 
coefficients of the item x" x* of the both sides of Eq.(2.1), one gets that /is,o = 0. 
Summarizing the above discussion, we have 

Since is a coalgebra map, we have £(j){x^y) — e{x^y) = 0, which implies that 

l^9{n)fi + M6l(n) + 1,0 = 0; that is, fie{n}M — -M6l(n) + 1,0- 

Let r = 0(0). Since 6{n + 1) = 0{n) + 1 for all n £ Z, one knows that 0(n) 
0{Q) + n = r + n for all n G Z. Therefore, we have 

for all n G Z. Since x"y ^ Hq, 0(a;"y) ^ Hq, which implies /in+r,i 7^ 0. □ 
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Lemma 2.3. Let r £ Z. Define a linear map 9r : H ^ H by 



Then Or is a coalgebra automorphism of H . 

Proof. It follows from a straightforward verification by using Lemnia [^TlT 2'). □ 

Let Autc{H) denote the coalgebra automorphism group of H , that is, Autc{H) is 
the group consisting of all coalgebra automorphisms of H with the composition as 
its multiplication. Let 8 = {OrV G Z}. Then 8 is a subgroup of Autc{H), and 
0r0t = 0r+t for aU r,t eZ. Let Auto{H) = {0 £ AMtc(i?)|0(l) = 1}. Obviously, 
Auto{H) is also a subgroup of Autc{H). Let cj) G Autc{H). Then it follows from 
Lemma [2J] that (f> e Auta{H) if and only if (j){x'^) = for all n e Z. 

Proposition 2.4. Auto{H) is a normal subgroup of Autc{H). Moreover, Autc{H) 
is the internal semidirect product of Auto^H) and 8. 

Proof. Let G Autc{H) and -0 G Auto{H). Then by Lemma 12.21 there exists 
an integer r £ Z such that = for all n G Z. Hence = x""*" 

for all n G Z. Thus, we have — {4>ijj){x^^) ~ (f){x^''') ~ 1, and so 

G Auto{H). This shows that Auto{H) is a normal subgroup of Autc{H). 
Furthermore, we have {(f)9^r){^) = 4>{x~^) = 1- Hence 4)9^^ G AutQ{H), and so 
(j) = {4)9^r)0r e AMio(-ff)8. It follows that Autc{H) = Auto(i?)e- Similarly, one 
can show that Autc{H) — QAuto{H). Obviously, AutQ{H) n 8 = {id}, where id 
denotes the identity map on H, i.e., the identity element of the group Autc{H). 
Thus, we have shown that Autc{H) is the internal semidirect product of Auto{H) 
and 8. □ 

From Proposition [231 one gets the following corollary. 

Corollary 2.5. There is a group isomorphism Autc{H)/AutQ{H) = 8. 

From Lemma [2.11 Hq is a Hopf subalgebra of H. Moreover, H is a free left Hq- 
module with an iJo-basis {y"''\m ^ 0}. Hence H (E)H is a free left Hq (E) Ho-module, 
and {y" (E) y™\n, to ^ 0} is an Hq ® i/o-basis of 77 eg) if. 

Lemma 2.6. Px,i{H) = ky + k{x - 1) and Px--s{H) = /s(a;" - 1) if m ^ 1. 
Proof. Let to G Z. Since H = H{n) is a graded coalgebra, we have 



It is easy to check that Px-\i{H) n iJ(0) = Px^-AH) n Hq = k{x"' - 1). Now let 
n > and assume that there exists a nonzero element h in Px^^.i{H) n H{n). Then 
we have A(/i) = h® ~\-\®h and h = ay" for some 7^ a G Hq. By Lemma [^?T1 
we have 



00 



n=0 



A(/i) = E 



2^0 



n 



( 



) 



A(a)(y*®xV-^)=E 



( 



) 



A(a)(l®a;*)(y*®y"-') 
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and 

/i (g) a;" + 1 ® /i = ay" (g) a;" + 1 ® ay" = (a (g) ® 1) + (1 (g) a)(l ® y"). 

It follows that 

A(a)(l x'){y' (g z/^^) = (a ® x")(y" (g 1) + (1 ® a)(l (g y"). 

We have already known that H ® H \s a, free left i?o ® Ho-vaodvXc with a basis 
{y" ® l/\s,t > 0}. If n > 1, one can choose an integer i with Q < i < n. Then, 
by comparing the coefficients of the basis element y' g) y"~* of the both sides of 

{ n\ { n\ 

the above equation, one finds that ( 1 A(a)(l (g x*) = 0. Since (1^0, 

A(a)(l (g x^) = 0, and so A(a) = 0. This implies that a = since A is injective, a 
contradiction. Therefore, n ~ 1 and h = ay. Thus, the above equation becomes 

A(a)(l g) x){y (g) 1) + A(a)(l (g y) = (a (g) x'"''){y g) 1) + (1 g> a)(l (g y). 

It follows that A(a)(l g) x) = a g) and A(a) = 1 g) a. From A(a) = 1 g) a, one 
knows that a G k. Since a 7^ 0, it follows from A(a)(l g) x) = a g) x™ that m — 1. 
This completes the proof. □ 

Lemma 2.7. Let cf) e .4wto(-ff). T/ien (f>{H{m)) C X;"o -^(*) m ^ 0. 

Proof. Note that Him) — Hoy"^ for all m ^ 0, and that i/o has a fc-basis {x"|n £ 
Z}. Hence we only need to show that (/)(x"y™) C J^iLo-^i"^) for all n £ Z and 
TO G N. When to = or to = 1, it follows from Lemma 12.21 that (/>(x"y™) C 
^™ (, for all n e Z. Now let m > 1 and assume (/)(x"y*) C X)i=o-^(*) f'^'" 
all ri e Z and ^ s < to. Let n e Z. Then by Lemma 12. 1[ we may assume that 
(/)(x"y™) = X]i=o '^^y'' where ai G iJo, ^ i ^ /, and a; 7^ 0. It is enough to show 
that I ^ m. Suppose Z > m. Then A(/)(x"y'") = (0 g) 0)A(x"y™) since </> is a 
coalgebra map. Now we have A0(x"y™) = ^{J2i=a ^iV^) — J2i=o ^i^iV^) ^^'^ 

m I ril \ 

i«)0)A(x"y™) = {<p®(t)){Y. \ . I x"y* x"+*y"-') 

x"yO g) <?!)(x"+'y™~0 
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+(/.(x") g) (/)(x"y") + <?!)(x"y™) g) 0(x"+™) 

m — 1 

?!)(x"yO g) <?!)(x"+'y™~*) 

1 

) a^y' + fljy' g) x"+™). 




Therefore, we have 



I m-l I jYL \ 

EA(a,yO = E . 0(x"y^) ® 0(x"+*y™-*) 

+ E(a;"®a,y*+a,y'®x"+™). (2.2) 

i=0 
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Since H is a. graded coalgebra, so is H(S^H with the grading given by {H ^ H){n) — 
J2"^Q H{i) (g) H{n — i) for all n ^ 0. By the induction hypothesis, one knows 

m — 1 / jj^ \ m 

that C From the definition of 

^=l \ I ) ^ ^=o 

graded coalgebras, the comultiplication A of a graded coalgebra is a graded map. 
Comparing the homogeneous components of degree I of the both sides of Eq.(2.2), 
one finds that 

A(a;?/') = (g) a;y' + a;y' ® a;"+™ = aiy^ ® a;"+'" + a;" ® aiyK 

Hence aiy^ e P^^+m ,^n{H), and so x'^'^aiy^ e Pxm i[H). However, 7^ x~"aiy^ S 
_ff (Z) and / > TO > 1, which contradicts to Lemma lZ^Hl This completes the proof. □ 

Lemma 2.8. Let e Auto(H). Then <j){H{m)) ^ YT=o^ for all to ^ 1. 



Proof. Suppose that there is an to ^ 1 such that 4>{H{m)) C J^^o^ Since (p G 

Auto{H), 4>-^ G AutoiH). By lemmadH we have ^-^E" 0^ ^(0) ^ E™ 0^ 
It follows that F(to) = ((/)-V)(^fM) = 0-i(</)(iI(TO))) C (t>~HJ2Z~Q^ C 
Eillo^ which is impossible. This completes the proof. □ 

Lemma 2.9. Let (f) e Auto{H). Then for any n E Z and to ^ 1, — 

an,ma;"y'" + hn^rn for some dn.m G fc^ a?irf hn.m e E"io^-^(^)- Moreover, if 
a„.i = 1 /or a/Z n G Z, t/ien Q!„.„i = 1 /or all n eTL and to ^ 1. 



Proof. For any n G Z and to ^ 0, by Lemmas 12.21 12.71 and 12. 8[ one may assume 
that (?!)(a;"y™) = ^"=0 '^".'".^y*' where a„,m,i e i?o with a„^TO^,„ ^ 0. It follows 
from Lemma 12.21 that a„^o,o = 2;" and a„.i^i = a„.ia;" for some q;„_i G A;^. Now 
let us consider the case of to > 1. Since is a coalgebra map, A0(a;"y'") = 
((/) (g) 0)A(a;"y™). By Lemma [^TTl we have 

m 

A0(x"y™) = ^A(a„.„,,yO 

1=0 

m ^ I i \ 

m i I 2 \ 

= EE . A(a„,™.,)(lg)a:^)(y''®y*--') 



and 



/ TO \ 

/ TO \ 



1=0 \ « 
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m / ^ \ I va — i 

E . EE "-n.ijy^ ® an+i,m-i.iy^ 

EE E . (an,ij (8) a„+i,m_ij)(y^ ® 2/')- 



i=oj=o 1=0 \ * 
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It follows that 



I] L E . {an,i,j ®an+i,m-i,i){y^ ®y )- (2.3) 

Similarly to the proof of Lemma I2.6[ by comparing the coefficients in Hq ® Hq of 
the basis element 1 (g) of the both sides of Eq.(2.3), one gets that A(a„,m,m) = 

^n,0,0 ® ^n,m,m — ^ ® ^n,m,m- HcnCC CLn,m,m — (id ® ^)A(^n,m,m) — ^(^n,m,m)'^ ■ 

Then from an^m.m 0, one knows that e(a„,m,„) ^ 0. Let = e(a„, 

Then 

o^n m ^ and On.m m = Q;„.m2;" for all n G Z and to ^ 1. 

Now suppose that an,i = 1 for all n G Z. Note that Eq.(2.3) holds for all n € Z and 
TO ^ 1. By comparing the coefficients in (g) iJo of the basis element (g y'^~^ 
of the both sides of Eq.(2.3), one gets that 

/ 771 

V i 




A(an.m,m) (1 S:^"* ) — . (Onj'.j S) £ln+7.m— j.m— j)- 

q ^ ^ q 



It follows that Un^m = anjQ^n+j.m-j" for all 77 G Z and ^ J ^ TO, where a„_o = 1 
since a„_o,o = a^"- Thus, an,m = an.ictn+i.m-i- Then by the induction on to, one 
can check that an,m — an,ian+i,i • • • OLn+m-i,i — 1- This completes the proof. □ 

Let Aut3/{H) denote the graded automorphism group of the graded coalgebra H, 
that is 

Auts/{H) = {(/)(£ Autc{H)\(j){H{n)) C H{n),y n ^ 0}. 

Then obviously, 6 C Auts/{H). Let Aut^J{H) = Aut^/ (H) n Auto{H). Then from 
Proposition [mi one gets the following corollary. 

Corollary 2.10. Aut^^ [H) is a normal subgroup of Aut^J{H). Moreover, Autf{H) 
is the internal semidirect product oj Aut^J {H) and Q. 

It is enough to discuss the group structure of Aut^^ {H) in order to discuss the 
group structure of Autf{H). Let G Autl''{H). Then by Lemmas O and Ell 
there exists a family of nonzero scales G fc^|77 G Z, m G N} such that 

(j){x^y"^) — an^m,x"-y™, where a„^o = 1, 77 G Z, 777 G N. 

Lemma 2.11. Let {an,m & k^\n G Z,,m d N} be a family of nonzero scales. Define 
a linear endomorphism (j) : H ^ H by 

0(a;"y™) = a„,„a;"2/'", 77 G Z, to G N. 

Then (j) is a coalgebra automorphism of H if and only if an^m — otn^iO-n+i^m-i for 
all n E Ij, m dz N and ^ 7 ^ m. 



Proof. Obviously, (j) is a linear automorphism of H. Moreover, e o = e if and only 
if a„.o = 1 for all 77 G Z. 

Suppose that is a coalgebra map. Then by the proof of Lemma 12.91 one knows 
that an^m = C(n,iCtn+i,m-i for all 77 G Z and ^ 7 ^ TO. Conversely, suppose that 
C(n,m = oin,iOtn+i,m-i for all n E Z and ^ 7 ^ TO. By taking j = to = 0, one gets 
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that an,o — (an,o)^, and so a„,o = 1- Hence e o <p = e. Now let n € Z and to G N. 
Then we have 



™ / TO \ 

((/)(8)0)A(x"?;™) = (g) a;"+*y'^ 

i=0 \ « 



9 



™ / TO \ 

^ (/)(a;"y') (g) 

™ / TO \ 



= a„,™A(a;"y") = A0(x"y™). 
Thus, (f> is a, coalgebra map. □ 

Now let {an.m G fc^ |n G Z, m G N} be a family of nonzero scales satisfying an,m — 
an,iCy.n+i,m-i for all n G Z and ^ z ^ to. Then by the proofs of Lemmas 12.91 and 
I2.11[ one knows that Q!„,o = 1 and 

m— 1 

an,m = an,ian+l,l ' ' " an+m-lj = W an+i,lj n G Z, TO > 1. 

1=0 

Putting a„ = a„,i, n G Z. Then (a„)„ez e (A;^)^ and Un^m = Ililo^ "n+i, where 
n G Z and to ^ 1. 

Conversely, given an element a = {an)nez £ (A;^)^. Putting a„^o = 1 and an.m = 
J^™Q^ Un+i for all ri G Z and to ^ 1. Then one can easily check that an.m = 
an^ian+i,m-i for all n E Z and ^ i ^ to. 

Summarizing the above discussion, there is a 1-1 correspondence between the groups 
AutQ^{H) and (fc^)^. For an element a — (a„)„gz G (k^)^, the corresponding 
element in AutQ^{H) is determined by 

m — 1 

Mx^ = x"", Mx'^y) = anx'^y, Mx^^y^ = ( n «»+0^"y'", (2-4) 

1=0 

where n eTL and to ^ 2. Obviously, the above correspondence is a homomorphism 
of groups. Thus, we have proven the following theorem. 

Theorem 2.12. Aut^^ {YV) and (fc^)^ are isomorphic groups. Precisely, the map 

(fcx)^ ^ Au4'\H), a = (a„)„6z ^ 0„ 
is a group isomorphism, where (pa is given by Eq.(2.4)- 

We have already known that the subgroup Q of Aut^^ {H) is isomorphic to the addi- 
tive group Z. By Corollarv l2.10[ it follows that Autf{H) is the internal semidirect 
product of Aut^^{H) and 8. Therefore, there is an action of Z on (fc^)^ such that 
the group Aut^J{H) is isomorphic to the corresponding semidirect product group 
{k^'f X Z. 
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For r G Z and a ~ [an)nei & (k^)'^, define r • a := a[—r] G (k^)^, i.e., (r • a)n — 
an-r, n G Z. Obviously, tlie map (fc^ )^ — > (A;^)^, a H> r-a is a group automorphism 
of (fc^)^, and (r + i) • a = r • (i • a), r,t G Z, a £ (fc^)^. Hence one can form a 
semidirect group (fc^)^ x Z as follows: (k^)^ xi Z = {(a,r)|a G {k'^)^,r G Z} as a 
set; the multiplicative operation is defined by 

(a,r)(/?,t) = (a(r •/3),r + a,^ G (fc"")^ , r,t £ Z. 

Theorem 2.13. Aut^J{H) is isomorphic to the semidirect product group (fc^)^xZ. 
Precisely, the map 

-9 : (k^'f Autf{H), '^{a^r) = (f>a9r 

is a group isomorphism, where 6,. and <j)a are given as in Lemma \2.3\ and Theorem 
\2.1^ respectively. 

Proof. By Lemma 12. 3[ Corollary 12.101 and Theorem I2.12[ one knows that 5* is a 
bijective map. Let a, (3 G {k^)^ and r,t gZ. Then 

It follows from Corollary 12.101 that 9r(f)(}0-r G Aut^{H). Now for any rt G Z, we 
have 

{9r4>p9-r){x'^y) ^ {9r4>p){x^-'-v) - 0. (/3„_.a;"-' y ) 

= Pn-rX'^y ^ {r ■ I3)nx'"y ^ (j)r.fi{x'^y). 
Again by Theorem 12. 12[ one knows that 9r4>i39^r = 4'r-i3- It follows that 

^'(a,r)^'(/3,i) = (f>a(j>r-p9r+t ^ (l)a{r-P)9r+t 

= ^{a{r-p),r + t)=^{{a,r){p,t)). 
Thus, ^' is a group homomorphisni, and consequently 5* is a group isomorphism. □ 

3. The Coalgebra Automorphisms of kq[x,x^^ ,y] 

In this section, we consider the coalgebra automorphism group of kq[x, , y]. We 
will use the notations in the last section. From Proposition 12.41 we only need to 
consider the normal subgroup Auto{H) of Autc{H) in order to describe the structure 
of Aut^{H). 

For any m ^ 1, let 

m 

AutrrXH) = {(t>e Autc{H) I (t){h) = h for aU ^ G ^ H{i)}. 

i=0 

Then Autm{H) is obviously a subgroup of Autc{H). 

Lemma 3.1. Each Autm{H) is a normal subgroup of Autc{H), where m ^ 1. 
Moreover, Auto{H) D Auti{H) D Aut2{H) D ■■■ . 

Proof. Let m ^ 1, <j> G Autm(H) and ip G Autc{H). Then for any h G X)"=o^(*)' 
bv Proposition l^^ and Lemma l2.7[ wehave-0(/i) G Hence {'ip~^(f)'ip){h) = 

= = h for any h G YZ.oH[i). This shows that VVV' G 

Autm{H), and consequently Autm{H) is a normal subgroup oiAutc{H). Obviously, 
AutQ{H) ^ Auti{H) ^ Aut2{H) ^ ■ ■ ■ . □ 



12 



HUI-XIANG CHEN 



Let cf) £ Auto^H). Then by Lemma [2?2l there are G (fc^)^ and (/3n)nez G 

/c^ such that ^(x"?/) = a„a;"y + - x") for all ri e Z. Let 

AuU{H) = {0g Auto(i?) I = x"y + /3„(x"+i -x"),/3„ & k,n E 1}. 

Then Aut^{H) is obviously a subgroup of Autc{H), and Auti{H) C Aut^,{H). 

Lemma 3.2. Aut^{H) is a normal subgroup of Autc{H). Moreover, Autc{H) is 
the internal semidirect product of Autf(H) andAut^J{H). Consequently, Autf){H) 
is the internal semidirect product of Aut^(H) and Aut^^{H). 

Proof. Let G Aut^,{H) and -0 G Autc{H). Then by Lemma [2.21 there is an r G Z 
such that 

where n G Z, a„ G fc^ and /3„,7„ G fc. In this case, {x^'^^ y) = a~^x'^y — 
a~^7„(x"+^ — a:"). Hence 

(V'"W')(a;"y) = (V'"V)(ana;"+''y + 7n(x"+''+^ 

for all n G Z. This shows that Aut^,{H) is a normal subgroup of Autc{H). 

Let a = (a„)„gz G (fc^)^ with a„ given above. Then 0^ G Autl''{H) C Autf{H) 
as stated in Section[2] In this case, {(j)'^^9^r^){x^y) = x^y + 7„(x"+^ — x"), and 
hence (j^-^^-^V e Aut^{H). Thus, V = (6'r0a)((/'a^6'_^V) e Aut9/{H)Aut^{H), 
and so Autc{H) = Autf{H)Aut^.{H). Similarly, one can show that AutdH) = 
Aut^{H)Autsj'{H). From Theorem[1321 it is easy to see that Aut*(7?)nAwif (i?) = 
{idff}. It follows that Autc{H) is the internal semidirect product of Aut^{H) and 
Aut3/{H). Consequently, Auto{H) is the internal semidirect product of Aut„{H) 
and Autl''{H). □ 

Corollary 3.3. There are group isomorphisms 

Autc{H)/Aut^{H) ^ Aut3J\H) = {k:^ f -aI 

and 

Autn{H)/Aut^{H) ^ Autl''{H) = [k^'f. 

Proof. It follows from Lemma 13.21 and Theorems 12.121 and 12.131 □ 

For any (3 = (/3„)„gz G fc^ (or (k^)^), define /3„^m G k (or k^) for all n G Z and 
m > by /3„,o = 1 and /3„,™ = /3„/3„+i • • • /3„+m-i = n"=o^ Pn+i for m ^ 1. For 
any integers < m ^ n, define (n, m)q by (n, to)^ = {n)q{n — l)q ■ ■ ■ {n — m + l)q = 

n"o^("-«)<z- 

Note that fc^ is an additive group as stated in Section 1. Let G Aut^,{H). Then 
there is a unique element /? = (/3„)„gz G fc^ such that = x"y+/3„(a;"+^ — x") 

for all n G Z. Hence one can define a map /i : Aut^,{H) by /i(0) — (3 — 
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Proposition 3.4. /i is a group epimorphism with Ker(/i) — Auti{H). That is, 
there is an exact sequence of groups 

1 ^ Auti{H) ^ Aut^{H) ^ fc^ ^ 0. 

Proof. Let 4>,ip € Aut^,{H), and assume that /i(0) — 13 — (/3„)„6Z and fi{ip) = 
7 = (7„)„g2; in k^. Then = x", <?!)(a;"y) = x"?/ + ^„(a;"+i - x"), a;" 

and V'(a;"y) = x"y + 7„(x"+^ -x"), n 6 Z. Hence = a;" and = 

0(a;"?/ + 7„(a;"+i - x")) = a;"y + + 7„)(x"+i - x") for ah n e Z, and so 
fi{4>4') — P + 1 = /i(0) + /i(V')- It fohows that /i is a group homomorpliism. 
Obviously, Ker(/i) = Auti{H). It is left to show that /i is surjective. 

Let f3 — (/3„)nez G fc^- For any n e Z and ^ Z ^ m, define an^m,i £ -ffo by 
cin,m,m — x" for m ^ 0, and 

for Z < TO. Note that a„,„,o = (TO)!g/3„,™(x"+™ - x"+™-i) if to > 0. Now 
define a linear map (/)Jj^^ -.H^Hhy 



a(i) 



(x"y™) = ^ a„,„,,y', n G Z, to ^ 0. 



(=0 



It is easy to see that 4>^p^ is a bijection and e0^^''(x"y™) = e{x"y"^) for all n G Z 

and TO ^ 0. Now we are going to show that A^^'^'' (x"y'") = (0^^'' (/)^^-')A(x"t/'") 
for all ri £ Z and to ^ 0. From the proof of Lemma [231 we have 



A4^)(x"y™) = f]^( ^. ) A(a„_, 

i=0 i=0 \ ^ J n 



and 



m 2 m— 2 



1=0 j=0 t=0 \ 



For any ^ j < / ^ to, the coefficients of ® y'^-' in A(/)|j^'' (x"2/™) and 
<?!)^^^)A(x"y™) are 



7 \ m-l+j / 



A(a„,„ij)(l ® x-') and ^ 

q i=j \ " / q 

in _ffo CS) Hq, respectively. Thus, we only need to show that 



J 



m—i,l—j 



y ^ j A(a„,„,0(l®a:-'")= E 7 



0'n,i,j ® 0,nJ^i,m—i,l—j (^-l) 

q »=J \ / q 



for all n ^ Z and ^ j ^ I ^ m. 
If ^ = TO, then 

I [ I A(a„,„i,/)(1 ® x^) = ( ) A(a„,„,„i)(l (g) x^) 
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and 



""l^i I m \ _ ( ^ \ 

/ J I . I 0,n^i,j ^n-\-i,Tn—i,l—j — I - I ^n-\-j,m—j,Tn—j 



m 
3 



■n+j 



Hence Eq.(3.1) holds in this case. 

If < j < Z < m, let 77 = ( ' ] (m, m — Z)„. Then 

1^ ^. j A(a„,™,0(l(8)x^) 

and 

m-^j / m \ 

/ y I , I (^n,i,j ^ (^n+i,m.—i,l—j 



=3 



I 

' q 



m \ I m \ 

J ) ^ j<i<m.-l+j \ * / g 



m 



+ 7 • '^n,m-l+j,j 0'n+m-l+j,l-j,l- 

(m -j,m- l)q 



Q 

m 



XX" ® (/^„+,,™-ix"+™-'+^' - /3„+,- „_j_i/3„+„_ia:"+'"-'+^'-i) 

(TTi \ 
{iJ-j)q{m-i,m-i-l+j)g 
* / q 

'^(/^n+i,m— i— ~'~ "'"'^ Pn-\-i,m—i—l+j — 1 ''"'^ ) 

. {m-l+j,m-l)g 

m-l+j J ^ 

+ E 77(^„,i_,-a;"+^-^'-^„,i_,-_i/3„+i_ia;"+^-^'-i) 

j<i<m-i+j 

'^(/^n+i,m— i— ~'~ Pn-\-i,m—i—l-\-j — 1 Pn-\-m—l^ ~'~ ) 

+??(/3n,m-ia;"+'"-' - /3„,™-i-i/3„+r„-i+,-ix"+™-'-i) 

j<i<m— i+j 
j<i<m-l+j 
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E /3n,»-j-i/3«+«-i,m-^-/+j+ia;"+''-^-i®a;"+'"-'+-'" 

j<i<m,—l+j 

+V E /3n,»-j-l/3„+»-l,™-»-i+,/3n+™-lX"+^-^-l®x"+™-'+^-l) 
j<i<ni — l+j 

= rj{Pn,m-ix"+"'-' ® a;"+™-'+J - /3„,™-;-i/3„+™-ia;"+'"-'-i ® 

This shows that Eq.(3.1) also holds in this case. Thus, we have proved that t/)^^'' 
is a coalgebra automorphism of H. Since (p'j^\x") = a„,o,o = x" and (j)^p\x^y) = 
On, 1,12/ + '^n,i.o — x^y + /3n(a^"'''"^ " 2^") for all n e Z, ^jj^^ G Aut^{H). Moreover, 
fi{<i)^p^) = It follows that /i is surjective. □ 

Lemma 3.5. Let s ^ 2 and (j) G Auts-i{H). Then there exists a unique /? = 
(/3n)nez G fc^ swc/i i/ifli «i(a;"y") = a;"?/'* + /3„(x"+" - x") /or a/Z n G Z. 



Proof. For any n G Z and m ^ 0, it follows from Lemma 12.91 that = 
E™ for some an,m,i G -f^o since (j) S Auts-i{H) C Aut^,{H) C AutQ{H). 
Moreover, we have that a„^m,m = for all m > 0, and a„,m,/ = for all ^ / < 
TO ^ s — 1. Since is a coalgebra map, A0(a;"?/*) = (0 (g) 0)A(a::"y*) for all n G Z. 
Then by the proof of Proposition 13.41 we have 



for all n G Z and ^ j ^ Z ^ s. Putting j = 1 in Eq.(3.2), we have 

^-'+1 / 5 \ 

(09A(a„,s,;)(l <8a;) = X! ■ an,i,i <8) a„+i,s-i,i-i- (3.3) 



i=l 



li2^l < s, then l<s-/ + ls^s-l and a„,i,i = for aU 2 < i ^ s - / + 1. Thus, 
by Eq.(3.2) we have 

(OqA(a„,s,;)(l (g)a;) = I ^ I a„_i,i a„+i,s_i,;_i = 



1 



9 



since an+i^s-i,i-i = by s — 1 > / — 1. It follows that a„.s,; = for all 2 ^ / < s. 
If Z = 1, then by Eq.(3.3) we have 

A(a„,s,i)(l ® x) = El * I fln.i.i <8> a„+i,s_i,o 

Applying e (g) id on the both sides of the above equation, one gets that an^s,i = 
£(an,s,i)a;"^*^^. Now putting j = and Z = 1 in Eq.(3.2), we have 



+i,s-i,l — In, 0,0 <&> On.iS.l — a; an,s,l- 
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Applying id (g) e on the both sides of the above equation, one gets that a„,s,i — 
e{an,s,i)x'\ Then from a„,s,i = £(a„^s,i)a;"+'*~^ and a„,s,i = e{an,s.i)x", one gets 
that a„.s,i = 0. Finahy, putting j = Z = in Eq.(3.2), we have 

It follows from Lemma [2.61 that a„^s.o — Pnix^'^^ — a;") for some /3„ £ k, and so 
(t){x"-y^) = x"?/"* + /3„(x"+'* - a;"). Obviously, the element /3 = (/3„)„ez e fc^ is 
uniquely determined by (j). □ 



Let s ^ 2. By Lemma [3.5[ one can define a map /s : Auts-i(H) — /c^, — 
P = (/3„)„6Z by 0(x"y") = x"y^ + ,3„(a;"+" - x") for all n € Z. Then we have the 
following lemma. 

Lemma 3.6. Let s ^ 2. Then the map fs ■ Auts-i{H) — > defined above is a 
group homomorphism with Ker^fs) = Auts{H). 



Proof. Let Auts-i{H), and assume that = /? = (/?n)nez and /s(V') = 

7 = (7„)„g2; in k^- Then ^(a;"?/'") = ipix^-y"") = x^y"" for all n e Z and ^ to 
s — 1, and 

(p{x y ) = x y + /?„(a; ^ - a; ), '4){x y ) = x y + 7„(a; ^ - a; ) 
for all n E 1^. Hence (0'0)(a;"y™) = a;"?/™ for all n G Z and ^ rn ^ s — 1, and 

= 0(a;"y^+7„(x"+^-a;")) 
= (/)(a;"y'*) +7„(x"+'* -a;") 
= a:"y^ + (/3„+7„)(x"+^-a;") 

for all n e Z. Thus, fs{4>'^) = /? + 7 = fs{4') + fsW- This shows that is a group 
homomorphism. Obviously, Ker(/s) = Autg{H). □ 



For any integers 1 ^t ^ m and 1 ^ Z ^ let 



to\ j m \ j m — t \ j m — (l — l)t \ -r-r ( m — it 



n , 



\ t \ t \ t \ t _n 

Note that ^ ^ ^ ^ ( ) '^^'^ ( ^ ) ^ 

Let /3 = (/3n)riez G fc^- For any integers n G Z, t ^ 1 and to ^ 0, define Pn,t:m G 
by /3„,t;o = 1 and 

m — 1 

Pn,t\m = PnPn+t " ' ■/3n+(m-l)t — JJ^ Pn+it 



i=0 



for m > 0. Note that I3n,t-i = Pn and /3„,i;m = 
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For any real number r, let [r] denote the integral part of r, i.e., [r] is an integer 
such that r - [r] < 1. 

Proposition 3.7. Let s ^ 2. Then fs : Auts-i{H) is a group epimorphism. 

Consequently, there is an exact sequence of groups 

1 Auts{H) ^ Auts-i{H) ^ fc^ -> 0. 



Proof. By Lemma 13.61 it is enough to show that fs is surjective. The proof is 
similar to Proposition 13.41 

Let /3 — {l3n)n£Z G fc^- For any n g Z and ^ Z ^ m, define an,m,i £ Ho by 
o-n,m,m = x" for TO ^ 0, a„^m.; — for ^ I < m with s \ m — I, and 



m 
s 



ra — s 



X 



TO 



forO < Z < TOwiths|TO-L Note that a„,,„,o = /3„,s;2:i (a;"+" -a;"+"~*) 



s 



9r 



if TO > with s|to. Hence e(a„,„i,o) = for all ri G Z and m > 0. Now define a 
linear map </)^ : H ^ H hy 



(a;"?/™) = ^a„,„,,2;', n G Z, to ^ 0. 



It is easy to see that ^j^''' is bijective and e(j}'^\x"'y™') — e{x"y"^) for all n G Z and 
TO ^ 0. In order to show that (j>j^ is a coalgebra map, by the proof of Proposition 



3.41 we only need to show that Eq.(3.1) holds for all n G Z and ^ j ^ I ^ m. 



Casel: I = m. In this case, an argument same as the proof of Proposition l3.4l shows 
that Eq.(3.1) holds for all n G Z and ^ j s$ to. 

Case 2: Q ^ j ^ I < m with s \ m — l. In this case, {m — i) — {l — j) = {m — l) — {i—j), 
and so s 1 1 — j or s I (to — i) — {I — j) for allj^i^m — l + j. Hence the both 
sides of Eq.(3.1) are equal to zero. 

Case 3: ^ j / < to with s | to - L Let t = ^22^ and ?7 = ^ ^ ( ) 
this case. Then 



A(a„,m,;)(l ® x^) 



and 



t 



TO 



1 ■ ■ I ^^ii+*sj' CL'fi-\-j-\-is^rn—j — is,l—j 
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j 



^n,j.j ^ ^n-\-j.7n—j.l—j 



m 



I ■ ■ I ^''^li+'isj ^ ^n-\-j-\-is,m—j — is,l—j 

o<i<t \ J + ts J ^ 

(m \ 

^ J2 ( ^ j I i + j 1 m~j - is \ 
o<i<t \ j + is I \ s 1 \ s J 

R ^n+m-^+j _ o o n-\-ra—l+j — s\ 

^\Hn-\-j-\-is^s\t — i'-^ H'n-\-j-\-is,s;t — i—lHn-{-m~s-^ J 

(m \ j m — I -\- j \ 

'^'n {,Pn,s;i-^ /^n,s;i — l/^n+j+*s — s*^ ) 

0<i<t 

(Qsl Q ™n+m — Q Q ^7i-\-7n—l+j — s\ 



Hence Eq.(3.1) holds in this case. 



X 



n+m—l — s+j ^ 



(s) 

Thus, we have proved that 0^ is a coalgebra automorphism of H. Obviously, 
(jj'j^^ e Auts-i{H) and 0^'^(x"y^) = x"y^ + ^„(a;"+^ - x") for all n e Z. It follows 
that fs(4>'p') = P, and so fs is surjective. This completes the proof. □ 



Remark 3.8. Let s ^ 2 and (3 — {f3n)nei G ■ For any n ^ 1 and m ^ 0, 



0g = a;"?/™ /or ^ m < s anrf 



for m ^ s. In particular, ^jj*"* {x^'y") = a;"?/" + /3„(a;"+^ — x") /or all n E Zi 



{l^n,s;iX Pn,S]i—lPn+m, — sX )y 



From Lemma 13.21 and CoroUarv lS.Sl in order to describe the structure of the group 
Autc{H), we only need to describe the structure of the normal subgroup Aut^,{H). 
We have already known that Auts{H) is a normal subgroup of Aut^,{H) for all 
s ^ 1, and 

Aut^{H) D Auti{H) D Aut2{H) D ■■■ . 
Obviously, n,>i Auts{H) ^ {idn}- 
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For any i ^ 1, let tt^ : Aut^:{H) — s> Aut^:{H) / Auti{H) be the canonical group 
epimorphisni. If 1 ^ i ^ j, then there is a canonical group epimorphism tt^ : 
Aut^{H)/Autj{H) AuU{H)/Auti{H) with Ker(7r^) = AuU{H)/Autj{H). is 
the unique group morphisni such that TrfiTj = iTi. Obviously, 7rj — id and Tr^Trj = tt' 
for any 1 ^ i ^ j ^ I. 

Let / be the set of all positive integers. For the definition of an inverse system, the 
reader is directed to [H]. Then we have the following theorem. 

Theorem 3.9. {Aut,:{H)/Auti{H),T:l} is an inverse system of groups with index 
set I. Moreover, there is a group isomorphism Aut^,{H) = lim{Aut^: (H) / Autj (H)). 

Proof. By the above discussion, {Aut^{H)/Auti{H),TTj} is an inverse system of 
groups with index set /. It is well-known that the inverse limit \^ni { Aut,:{H) /Auti{H)) 
exists. The group G := ]^{Aut^,{H) / Auti{H)) can be described as follows. Let 
Yl^^j{Autf{H) /Auti{H)) be the direct product of the groups Aut„{H) / Auti{H), 
and let pi : Y\^^j{Autt,{H) / Auti{H)) — > Aut^,{H) / Auti{H) be the i-th projection 
for each i G /. Then 

G - e Jl{Aut,{H)IAut,{H)) |7rf (zj ) = Zi, whenever i^j]. 

Define rji : G Aut^,{H) / Auti{H) as the restriction pi\G. Then by the above 
discussion, there is a unique group homomorphism p : Aut^{H) — > G such that 
rjip = TTi for all i G /. For any (j) e Aut^,{H), 

p{(j)) ^ {M(f>))^<.i = {(f>Aut,{H)),^i. 

Since f^-^j Auti{H) — {id}, p is injective. Now let g — {zi)i^j £ G. Then for any 
i € I, there is a g Aut^,{H) such that Zi — (piAuti{H) in Aut^,{H) / Auti{H) . 
Define a linear map (j) : H ^ H hy = a;" and (j){x"y™) — (pmix'^y™') for all 

n G Z and m ^ 1. Obviously, (f> is well-defined and independent of the choices of 
(pi. Moreover, for any n e Z and m ^ 1, (/)(a;"y™) = (j)m{x'""y"'') = x'^y'^ + h for 
some h G J^h^^ Hil) by the definition of Aut^{H) and Lemma [2791 It follows that 
is a fc-linear automorphism oi H . If 1 ^ i ^ j, then (j)iAuti{H) — Zi — nj (zj) = 
T:f{(j).jAutj{H)) = T:f'Kj{4>j) = TTt{(j)j) = (pjAut^iH) in Aut^{H) / Auti{H). Hence 
(?!)(a;") = a;" = (?!>j(a;") and 0(a;"y') = (a;"?/*) = (f'j{x"y') for aU n e Z and 1 i 
j. It follows that (f){h) — 4>j{h) for all h G X]i=o-^(*)' where j ^ 1. Thus, one can 
see that e Aut^{H) and (l)Autj{H) = (j)jAutj{H) = Zj in Aut^,{H) / Autj{H) for 
all J € /. This shows that p(0) = g, and so p is surjective. □ 

For any s ^ 1, let = fc^ x • • • x fc^ be the Cartesian product set of s-copies of 
k^. When s = 1, Gi = fc^ is an additive group as stated before. From Proposition 
13.41 and its proof, there is a group isomorphism 

$1 : Gi ^ Aut4H)/Auti{H), /J^^) <?!)J1, AMti(iJ), 

where /S^^^ = {Pn^)nei G — Gi and is defined as in the proof of Proposition 
13.41 Now let i > 1. Then one can define a set map 

: G, ^ Aut,{H)/Aut,{H), /J^^) , • • • , ^ cp%<p^^l, ■ ■ ■ cjy%,Aut,{H), 
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where j3^''^ — {I3n'')n<^7. G fc^ for all 1 ^ s ^ (ji'^^i-, is defined as in the proof 

of Proposition I3.4[ and (j^^p},,) is defined as in the proof of Proposition 13.71 for all 
2 sC s < z. 

Lemma 3.10. Let i > I. Then : d Aut^{H) / Auti{H) is a bijection. 
Consequently, there exists a unique group structure on Gi such that is a group 
isomorphism. 

Proof. For any (/3'^^\ /3'^^\ • • • , Z?^*-*) G Gi, it follows from the proofs of Propositions 
ISH and O that (ji^^l-, G Aut^{H) for 1 < s s; i, and that (/(^f,, G Auts-i[H) for 1 < 

s^i. Hence $j is well-defined, and (^^^^j^^fa, • • • )(a;"?/'') = (0^^!, ■ • • ^^f,, 
for all n G Z and 1 ^ s ^ i. 

Let (/3(i),^(2)^... ^^W)^ (^(1)^^(2)^... ^^(0) g Q.^^ and assume that 

in Aut,{H)/Aut,{H). Then ' ' ' <l>%, (h) = cl^%<l>% ■ ■ ■ ^% W for aU 

h G J2]=o Hence for all n G Z, we have 

That is, a;"y + /3i^^(a;"+i - x") = a;"y + 7^^^(x"+i - x") for all n G Z. Thus, 
Pn'' — for all n G Z, and so /S^^-* — Let 1 ^ s < i and suppose /3^^^ = 

7(-') for all 1 < j < s. Then cjl-j^l^ = cjl-j^l-^ for aU 1 ^ j ^ s. It follows that 

•^S^+i^ • ■ ■ 4>%, (h) = 05^+1, ■ • ■ {h) for all G E;=o ^OT Hence for all n G Z, 
we have 

That is, ^"y'^+i + /3i''+^'(a;"+'^+i - x") = a;"?/*+i + 7,1''+^' - a;") for aU 
n G Z by Remark EiHl Thus, /3i''+^' = 7!"+^^ for aU n G Z, and so = 7(^+1). 

Therefore, = 7^-''' for all 1 ^ j ^ i. This shows that $i is injective. 

Now assume 4> G Let /S^^^ = /i(0) G fc^. Then by Proposition [Ol 



and its proof, = /i and hence ((/'^"'(l)) ^f/' S Auti{H). Then let 

/?^^^ = /2((?!'la))"V) e fc^. Then by Proposition O and its proof, ^(^Sl)) = 



^(1); (/)) G fc^. Then by Proposition , , ^^j^^ j^^i^i^i, j-zy^y^f^), 
and hence ((/'^^('2))~^(<?!'^Vi)^ 



/2(('/'^a))~V), and hence e Aut2{H). Let 2 «C s < i and sup- 

pose that we have found ■ • • G fc^ such that (^^f,,)"^ ■ ■ - ^-^^^^ ^^^-^ ^ 

AutsiH). Let = • • • (^^^(l))-^) e k^. Then it follows from 

Proposition O and its proof that /s+iC^^'^ft+i, ) = /s+iCC^^f,,)"^ • • • 
and so ('?^'i'(t+i))^"^('7^1fs))~"^ • ' • (^flVi))^"^'?^ ^ Auts-^-l{H). Thus, we have proved 
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that there are P'-^K f3^'^\ ■ ■ ■ ,13^'^ £ such that {<|>f^r, )-^ ■ ■ ■ (<AJjT2) V S 

Auti{H). Hence 0^Vi)'^^?2) ■ ' ' 4>'fj{i)Auti{H) — (j>Auti{H), which impHes that $i is 
surjective. □ 

As stated before, Gi is an additive group as the direct product of Z-copies of 
the additive group k. For i > 1, the operation of the group Gi can be described as 
follows. 

For /3 = (/3(i) , , . . . , ) , ^ ^ (^(1) , ^(2) , . . . , ^(^) ) e G„ let = 0« , ^fl, ■ ■ ■ 0« , 



and Lp^ — 4'l^(i)4>'^{2) ■ ■ ■ 4>'^li) ■ Then for any rt G Z, we have 



Let 5(1) = +7^^'. Then )" V/3<P7 G Then following the pro- 

cedure of the proof of Lemma [3. 10) one can recursively get 6'^^\ 6'^'^\ ■ ■ ■ , J'-*-' G k"^ 
such that (0^0))"^ • • • V/sV't- G Autj{H) for aU 1 ^ j ^ i. Then the multi- 

plication of the group Gi is given by 

(/3(i) , /3(2) , . . . , /3 W ) (7^^) , 7^^^ • • • , 7^^^ ) = ('^^^^ <5(^) , . . . , <5(^) ) . 

Summarizing the above discussion, one gets the following corollary. 

Corollary 3.11. Leti > 1 and {l3^^\ l3^'^\ ■ ■ ■ , (7(1), 7(2), . . . ,7^) g Gi. The 
multiplication 

in Gi is determined recursively by S'--^'^ — (3^^^ + 7("'^-' and 

for all 1 < j ^ i and n G Z, where ipp and ipj are given as above. 

For any 1 ^ i ^ j, define a map tpf : Gj — > Gi by 

^a/3W,/3(2),...,/?«) = (/3W,/3(2),...,/3W). 

Then by the above discussion, one can see that ipf is a group epimorphism such 
that the following diagram 

Gj % Aut4H)/Autj{H) 

Gi ^ Aut^{H) / Aut,{H) 
commutes. Thus, we have the following theorem. 

Theorem 3.12. {Gi,il)l} is an inverse system of groups with index set I. More- 
over, there is a group isomorphism Aut^,{H) limGj . 



Proof. It follows from Theorem 13.91 and Lemma 13.101 



□ 
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From the proof of Theorem l3.9l the inverse limit ^imGi can be described as follows. 
Let Hie/ ^® direct product of the groups G,;, and let pi : Hie/ Gi — J> Gi be 
the i-th projection. Then ^imGi is a subgroup of Hie/ ^« defined by 

^mGt = {{gi)iei e JJ^Gi]?/'- (ffj) = ffi, whenever 1 < i ^ j}. 

iei 

Let : ^imGi — i> G; be the restriction pij^imGi. Then iplqj = qi for all 1 ^ z ^ j. 

For any z g /, define a map ai : Gi by (Ti(/3*^"'^^, • • • , = i.e., ai is the 

z-th projection. Let Goo — {k^Y be the Cartesian product set of /-copies of fc^, 
i.e., 

Goo = • • • e for ah i G /}. 

For any z e /, define a map : Goo ^ G, by r, ... ) ^ 

Then -0^ Tj — Ti for all 1 ^ z ^ j . 

Obviously, there is a bijective map r : Goo ^m G^ defined by 

= {Ti{z))tei = {ri{z),T2{z),- ■ ■) 
for all z = {zi)i^j = (zi, Z2, ■ ■ ■) G Goo. The inverse t^^ is given by 

^"^5) = (<^iqii9))iei = {oi{9i))iei = (^i (51), 0-2(52), ••• ) 

for all g — {gi)iei — (51,52, ■ ■ • ) ^ l^mGj . Note that qiT — Ti for all i ^ I. Hence 
there is a unique group structure on Goo such that t is a group isomorphism. In 
this case, Ti is a group epimorphism for all z G /. Thus, from Theorem 13.121 we 
have proved the following theorem. 

Theorem 3.13. There is a group isomorphism Aut^,(H) = Goo- 

Explicitly, we can give a group isomorphism $ : Goo — >■ Auti,{H) as in the proof of 
Lemma Eini For {(3^^\ I3^'^\ ■ ■ ■ ) g Goo, := <^{I3^^\ fS'-^K ■ ■ ■) is given by 

for aU n G Z and m ^ 1. Conversely, for G Aut^{H), (/?(!), ■■•):= '^~\<l>) 
is given recursively by (3n\x"'^^ — x") ~ 0(x"?/) — a;"^ and 

/3W(x"+' - x") = 0(x"yO - • • • 0^V-i)(^"2/^) 
for z > 1, where rz G Z. 

Remark 3.14. _B?/ Corollary \3.11[ the multiplication of the group Goo can be de- 
scribed as follows: for fi'''^\ ' ' ' ), • • • ) G Goo, the multiplication 

is determined recursively by 6'^^^ — 13^-^^ + 7'-"'^' and 

<5W (x"+' - x") = • • • , <^W,, • • • , (a;"z/^) - • • • cjJ^-}}, {x^y^) 
for all i > 1 and n G Z. 
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By a tedious computation, one can get the formula of (5^^-' and J'-'^-* as follows:. 

§{2) ^ ^(2) _,.^(2)_ (2)^/3(1)^1) [1]), 

<5(3) ^ ^^(3) _ (3)^(^(2)^(1) ^(2) 

Thus, one knows the formulas of the multiplications of G2 and G3 . However, it is 
difficult to give the explicit formulae of S^''^ for larger i. 

Lemma 3.15. Let a = (Q:,i)„ez G (k^)^, P = {.Pn)nei € fc^ and r e Z. Then 
{(f>aOr)(f>f\(t)aOry^ = ^i^-i^f.^]- In particular, ^a^jj^Va^ = 



Proof. For any n E 1a and ^ Z ^ m, define an^m.i and 6n,m,i in Ha by a„_ 

T 7) . 1 



^n,m,m and 



a„,™,/ =(m,m-/),(/3„,„_;a;"+" ' - /3„.m-/-i/3„+m-i2:"+" ' ^) 

-(a-i/3[-r])„,™_i_i(a-V[-r])„+™-ix"+™-'-i) 
for ^ I < m. Then by the proof of Proposition I3.4[ we have 



for any n (^1, and m ^ 0. By a straightforward verification, one can check that 
and 

for all n E Z and ^ Z < m. Hence we have 



and 



'm^ot^r(^l^n—r.'m—l—ll^n — r-\-7n—l-^ 2/ ) 

^n.m4^ot.i^l^n — r,m — l—ll^n — r-\-7n—l'^ 2/ ) 

(a-i/3[-r])„,™_i_i(a-i/3[-r])„+™_ix"+™-'-iy', 
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and consequently, aj^^„^(f>a9r{an-r,m,iy'') = hn,m,i]/ for all n G Z and ^ I < m. It 
follows that 

rn 
1=0 

= x"y"+ y: Km,iy' 

O^Km 

for n G Z and to ^ 0. This completes the proof. □ 

Lemma 3.16. Let a = {an)nei G (fc^)^,. P = {Pn)n(^z e k^, r e Z and s > 1. 
Then 

i(f)aOr)(t)p\(f>aOrr^ = la" i [1] -a-i [s- l]/3[-r] 

/n particular, 4'a4>^ij^U~'^ = 

Proof. It is similar to Lemma [3. 151 by using Proposition 13 . 71 and Remark 13.81 □ 

For any a G (k^)"^ (or k^) and i ^ 1, define a{i) by a(l) = a and a{i) = 
aa[l]---Q![i — 1] for i > 1. Then {aj3){i) — a{i)(3{i) and a[r](i) = a{i)[r] for 
all G (/c'')^ (or fc^), r G Z and i ^ 1. 

For any (a, r) G (fc^)^ x Z and (/3«).e/ G Goo, define (a,r) • (/3«).g7 G Goo by 

(a,r) . (/3«W = (a-i(z)/?WM),e/ = (c.-^ (l)/3(i) [-r], (2)/3(2) [_^], . . . ). 

Then one can check that this gives rise to a group action of (fc^)^ x Z on Goo- 
Hence one can form a semidirect product group Goo x {{k^Y' x: Z). 

Since (k^)^ can be embedded into (fc^)^ x Z as a (normal) subgroup, there is a 
group action of (fc^)^ on Goo given by 

where a G (/fc'')^ and € Goo- Thus, one can form another semidirect 

product group Goo x {k^)^. Now we can state the main theorem of this section. 

Theorem 3.17. There are group isomorphisms Autc{H) = Goo x {{k^)"^ x Z) and 
Auto{H) ^ Goo X (fc^)^. Explicitly, the group isomorphisms are given by 

Goo X {{k^'f >^Z) ^ Aut,{H), (5,(a,r)) K^$(.g)(/.„0, 

and 

G^y^ {k^' f ^ Auto{H), (g,a) ^ <S>{g)<j>a,, 
where is the group isomorphism from Goo to Aut^{H) given before. 



Proof. It follows from Lemma [321 Theorems l2.12[[^.13l and r3.13l and Lemmas 13. 151 
andEISl □ 
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Remark 3.18. For the hypothesis that q is not a root of unity, we only need the 
condition that 7^ for all ^ i ^ n. Thus, i/char(fc) — and q — I, then 

V ' A 

all the arguments in the paper are still valid. Hence all the results of the paper hold 
too in this case. 
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